We perform high resolution spectroscopy on 176 Lu + including the 1 S0 ↔ 3 D1 and 1 S0 ↔ 3 D2 clock transitions. Hyperfine structures and optical frequencies relative to the 1 S0 ground state of four low lying excited states are given to a few tens of kHz resolution. This covers the most relevant transitions involved in clock operation with this isotope. Additionally, measurements of the 3 D2 hyperfine structure may provide access to higher order nuclear moments, specifically the magnetic octupole and electric hexadecapole moments.
Introduction
Singly-ionized lutetium has recently been proposed as a promising clock candidate with the 3 D 1 and 3 D 2 excited states providing suitably long-lived clock states. As discussed in (1 ), averaging over hyperfine levels eliminates shifts associated with the electronic angular momentum, J, realizing an effective J = 0 level. The even isotope 176 Lu + has m = 0 states which, together with large hyperfine and fine structure splittings, provides insensitivity to magnetic fields for the clock transitions and the hyperfineaveraged reference. The 3 D 1 ↔ 3 P 0 transition has a linewidth of ∼ 2.5 MHz, which provides a low Doppler cooling limit while maintaining sufficient scattering for state detection. Theoretical calculations of the differential DC scalar polarizabilities indicate the possibility of a negative value with a low blackbody radiation shift. A negative value would further allow clock shifts from excess micromotion to be cancelled by a judicious choice of trap drive frequency (2 , 3 ). This has lead to the recent consideration of clock operation with many ions (3 , 4 ).
Basic atomic properties have been experimentally explored (5 ), and the first observation of the 1 S 0 ↔ 3 D 1 clock transition has also been reported (6 ). These initial experiments were carried out with 175 Lu + owing to its more prominent abundance. This made initial spectroscopy more readily accessible with some results already available in the literature, albeit with modest accuracy (7 -10 ). In contrast, very little was known about the preferred 176 Lu + isotope. Here we provide a complete energy spectrum for all levels of 3 D 1 , 3 D 2 , 3 P 0 , and 3 P 1 relative to the 1 S 0 ground-state. This provides the most important frequencies for clock operation and improves on the initial work reported in (11 ).
Experimental Setup
Experiments are performed in a linear Paul trap similar in design to those used in previous work (5 , 6 ). It consists of two axial endcaps separated by 2 mm and four rods arranged on a square with sides 1.2 mm in length. All electrodes are made from 0.45 mm electropolished copper-beryllium rods. Radial confinement is provided by a 16.8 MHz radio-frequency (rf) potential applied to a pair of diagonally opposing electrodes via a helical quarter-wave resonator. A dc voltage applied to the other pair of diagonally opposing electrodes ensures a splitting of the transverse trapping frequencies. The endcaps are held at 8 V to provide axial confinement. The measured trap frequencies of a single Lu + are (ω x , ω y , ω z ) ≈ 2π × (608, 560, 134) kHz, with the trap axis along z. A quantization axis is defined by a ∼ 0.2 mT magnetic field oriented perpendicular to the trap axis.
The low-lying level structure of 176 Lu + is shown in fig. 1 (a) and shows the transitions relevant to this work. There are two clock transitions: a highly forbidden magnetic dipole (M1) transition 1 S 0 ↔ 3 D 1 at 848 nm with an estimated lifetime of 172 hours (6 ), and a spin-forbidden electric quadrupole (E2) transition 1 S 0 ↔ 3 D 2 at 804 nm with a measured lifetime of 17.3 s (5 ). Detection, cooling, and state preparation are achieved via scattering on the 3 D 1 ↔ 3 P 0 transition at 646 nm. Optical pumping to 3 D 1 is achieved via lasers addressing the 1 S 0 ↔ 3 P 1 and 3 D 2 ↔ 3 P 1 transitions at 350 and 622 nm, respectively.
The primary 848-nm clock laser is an extended-cavity diode laser (ECDL) with an interference-filter feedback similar in design to that reported in (12 ). The laser is stabilized to a 3.5 kHz linewidth high finesse (F ≈ 400000) reference cavity and its frequency is tuned near to the 1 S 0 (F = 7) ↔ 3 D 1 (F = 7) transition. To obtain the required optical power for interrogating the narrow transitions, an additional laser diode is injection-locked to the primary laser. The laser light is delivered to the experiment through a single-mode fibre. As shown in fig. 1(b) , it propagates orthogonal to the magnetic field direction with π-polarization. This configuration allows ∆m F = ±1 M1 transitions to be driven.
The 804-nm clock laser is a grating-stabilized ECDL with a 9 cm long external cavity. The laser is locked to a 10 cm long optical cavity with a linewidth of ∼ 100 kHz. This laser is coupled to the same fiber as the 848-nm clock lasers with the same polarization. This also allows ∆m F = ±1 E2 transitions to be driven. The laser frequency is controlled by a wide-band electro-optic modulator (EOM) which offsets the lock to the cavity.
The 646-nm laser is a grating-stabilized ECDL locked to an optical transfer cavity, which is referenced to the 848-nm clock laser. To couple the three separate hyperfine levels of 3 D 1 to the upper 3 P 0 states, a wideband EOM generates sidebands of ∼ 10.9 GHz. The sidebands address the F = 6 and 8 hyperfine levels; and a separate carrier beam is shifted by a double-passed acousto-optic modulator (AOM) to address the remaining F = 7 level. The beams are then combined into a single-mode fiber. This light is linearly-polarized orthogonal to the magnetic field direction (⊥) to avoid any dark states during detection and cooling. An additional π-polarized carrier beam is coupled into the same fiber as the clock laser beams. The π-polarized beam, together with the orthogonally-polarized sidebands, provides optical pumping into | 3 D 1 , F = 7, m F = 0 . Sideband frequencies and carrier offsets were chosen based on previous lower resolution measurements (11 ) .
The 350-nm laser is a frequency-doubled grating-stabilized ECDL. The fundamental at 701 nm is locked to an optical transfer cavity, which is referenced to a cesium vapor cell via a diode laser at 852 nm. A double-pass AOM is used to provide a tunable offset of the 701-nm laser from the transfer cavity. The fundamental is frequency doubled with a BBO crystal inside a custom-built bow-tie cavity. At the ion, the 350-nm light is ⊥-polarized as illustrated in fig. 1(b) .
The 622-nm laser is also a frequency-doubled grating-stabilized ECDL. The fundamental is frequency doubled using a fiberized, periodically-poled KTP waveguide. The 622-nm light is coupled to a wide-band EOM which generates multiple sidebands to couple all five levels of 3 D 2 to 3 P 1 . As with the 646-nm laser, sideband frequencies were based on previous lower resolution measurements (11 ) . The 622-nm carrier frequency is stabilized using a wavemeter with a specified ∼10 MHz accuracy. At the ion, the 622-nm light is also ⊥-polarized as illustrated in fig. 1(b) .
Measurements
Optical frequency measurements carried out in this work are obtained by referencing the lasers to an optical frequency comb. The frequency comb is stabilized to a GPS-disciplined rf oscillator, which has a specified 5 × 10 −13 accuracy. Frequency measurements of the clock laser on different days are consistent with the specification. We therefore use this value in determining the uncertainties in optical frequency measurements.
3 D 1
Frequency references for 1 S 0 ↔ 3 D 1 transitions are denoted f 1,F , where F denotes the hyperfine level of 3 D 1 . These frequencies are determined by a combination of optical and microwave spectroscopy. Optical spectroscopy starts with driving clock transitions from | 3 D 1 , 7, 0 to | 1 S 0 , 7, ±1 . After Doppler cooling, the ion is optically pumped to | 3 D 1 , 7, 0 . A 12.5 ms interrogation pulse then drives the atom down to either | 1 S 0 , 7, ±1 which is followed by detection. Using the technique discussed in (13 ), the clock laser is servoed to both 1 S 0 Zeeman states to stabilize the laser frequency to the center of the ground-state Zeeman spectrum. Referencing the laser to the frequency comb gives f 1,7 = 353 638 527 912 390 (200) Hz,
for a ∼ 7000 s integration time. The uncertainty is limited by the comb as systematic shifts arising from the quadratic Zeeman, quadrupole, and probe-induced AC stark shifts are estimated to give a combined shift of less than 10 Hz.
The clock transition provides shelving from | 3 D 1 , 7, 0 to | 1 S 0 , 7, −1 , which allows state-sensitive detection and microwave spectroscopy of the 3 D 1 manifold. Following Doppler cooling, the ion is optically pumped to | 3 D 1 , 7, 0 . A microwave pulse then transfers population to either Center frequencies extracted from each of the microwave scans have a statistical uncertainty ∼ 1 Hz. At this level, quadratic Zeeman shifts of the m = 0 states must be accounted for. The magnetic field can be determined by either the Zeeman splitting of the ground states inferred from the servo data of the clock transition, or from the difference frequency of microwave fields driving ∆m F = ±1 transitions in 3 D 1 . Using the ground-state g-factor g I = −2.4360(34) × 10 −4 as measured for neutral lutetium (14 ) and g J = 0.5 for 3 D 1 , the magnetic fields derived by either approach agree to better than 1%. We conservatively take the field to be 0.207(2) mT, as inferred from the ground-state Zeeman splitting. The Zeeman-corrected hyperfine splittings are then found to be f 1,6 − f 1,7 = 11 290 004 289.0(2.6) Hz (2a) and f 1,7 − f 1,8 = 10 491 519 944.7(2.5) Hz.
Details of the Zeeman corrections are given in appendix A.1. The given hyperfine splittings have not been corrected for quadrupole shifts, which we estimate to be 1 Hz based on the measured trap frequencies, or for AC Zeeman shifts, which arise from off-resonant coupling to m = ±1 states by the circular polarization components of the microwave field. Measuring the Rabi frequencies for ∆m F = ±1 transitions allows us to estimate the polarization components of the microwave fields from which we infer shifts well below 1 Hz.
Driving the 1 S 0 ↔ 3 D 1 clock transition provides the means to prepare the ion in | 1 S 0 , 7, ±1 with probability p s ∼ 95%, which is limited by both state preparation of | 3 D 1 , 7, 0 and the clock π-pulse. This can be conditionally improved by state detection after transfer to the ground state. If the ion is detected bright, state preparation of | 3 D 1 , 7, 0 and shelving to | 1 S 0 , 7, ±1 is repeated. When a dark state is confirmed, the experiment proceeds. This conditional state preparation improves the fidelity of | 1 S 0 , 7, ±1 to better than 99.9% and is used as a starting point for measurements of other levels.
3 D 2
Frequency references for 1 S 0 ↔ 3 D 2 transitions are denoted f 2,F , where F denotes the hyperfine level of 3 D 2 . These frequencies are determined by optical spectroscopy. The ion is first conditionally prepared in | 1 S 0 , 7, ±1 and then driven to | 3 D 2 , F , 0 using the 804-nm clock laser. For each upper state, the clock-laser intensity is adjusted to give a ∼ 500 µs resonant π time, which is limited by the laser coherence time. This provides sufficient resolution to servo the 804-nm laser frequency to the center of the ground state Zeeman spectrum as for the 848-nm case. The 804-nm servo loop is interleaved with that stabilizing the 848-nm frequency. Comparisons with the frequency comb then give the optical frequencies for each transition.
The main systematic shifts arise from the quadratic Zeeman shift of the upper levels. To determine the magnetic field, we measure the ground-state Zeeman splitting between the m F = ±1 states and estimate the field as for the 3 D 1 case. Since the polarization of the 804-nm clock laser couples both m F = ±1 states to the upper m F = 0 level, there is a shift in one transition due to off-resonant coupling to the other. Being equal and opposite for the two transitions, this cancels for the Zeeman-averaged frequency but degrades the accurate determination of the magnetic field. We therefore determine the magnetic field from the 848-nm servo where the coupling is much smaller and the effect is negligible. Using the inferred magnetic field of 0.207(2) mT, the Zeeman-corrected optical frequencies f 2,F are 
where the uncertainties are limited by the frequency comb. Details of the Zeeman corrections are given in appendix (A.2). Quadrupole shifts from the DC confinement fields and AC stark shifts from the probe are estimated to be 1 Hz. It has been noted that measurement of the hyperfine structure (HFS) for a J = 2 fine-structure level gives access to higher nuclear moments, specifically the magnetic octupole and the electric hexadecapole moments (15 ). Hyperfine intervals are conventionally parameterized in terms of the HFS constants A, B, . . . each being proportional to relevant nuclear multipole moments. From relativistic theory of the hyperfine interaction, the HFS constants can be expressed as linear combinations of the measured hyperfine splittings together with second-order correction terms (15 ). Dominant corrections are due to dipole-dipole, and dipole-quadrupole interactions but these terms do not contribute to the HFS D constant, which is proportional to the nuclear electric hexadecapole moment. This can be determined directly from the measured optical frequencies, f 2,F , and we find D = 11 214200 (204f 2,5 − 663f 2,6 + 810f 2,7 − 442f 2,8 + 91f 2,9 )
= −1.830 (12) kHz.
Here the error is completely dominated by the uncertainty in f 2,F but this can be reduced with improvements to the comb or direct measurements of the hyperfine splittings via microwave spectroscopy. We note that the expression for D has only taken into account leading order dipole-dipole, and dipole-quadrupole interactions. More generally, Woodgate derived the expression (16 , Eq. B5)
which includes all correction terms to second order. In this equation δA K is related to the appropriate nuclear moment. For K = 4, δA 4 (J) = δD, and this correction should be added to the left hand side of Eq (4). Proper assessment of the hexadecapole moment would thus require calculations of quadrupole-quadrupole (k 1 = 2 = k 2 ) and dipole-octupole (k 1 = 1, k 2 = 3) corrections. These were omitted in the treatment given in (15 ) but may well be significant compared to the value given in Eq 4.
3 P 0
A frequency reference, f 0 , for the 3 D 1 (F = 7) ↔ 3 P 0 (F = 7) transition is determined by measuring the rate at which | 3 D 1 , 7, 0 is depopulated by a single 646-nm laser beam as a function of the laser frequency. Determining a depumping rate in such a multi-level system can be complicated, due to multiple scattering back into | 3 D 1 , 7, 0 and unwanted population of other states. Both effects can lead to deviations from a simple exponential decay of the | 3 D 1 , 7, 0 population and deviations from a Lorentzian line-profile.
To eliminate population of other 3 D 1 states, the ion is conditionally prepared in | 1 S 0 , 7, −1 and then transferred back to | 3 D 1 , 7, 0 with a π-pulse from the 848-nm laser. This prepares the ion in | 3 D 1 , 7, 0 with probability p s and ensures no other 3 D 1 states are occupied. Depumping is achieved using light that is linearly polarized perpendicular to the magnetic field direction. This symmetrically excites the atom to | 3 P 0 , 7, ±1 and eliminates any shift of the line-center arising from the Zeeman broadening of the 3 P 0 level. This configuration also leads to a simple exponential decay of the | 3 D 1 , 7, 0 population, which was confirmed both experimentally and by simulation of the multi-level system. After a depumping time, τ , | 3 D 1 , 7, 0 is shelved to | 1 S 0 , 7, 1 which prevents deshelving of population in | 1 S 0 , 7, −1 from state-preparation. The probability, p, that subsequent detection yields a bright state is given by
where R is the depumping rate. Experimentally, p is determined from 200 cycles of the experiment, and this is repeated 50 times to determine the statistical variation. For each detuning, we choose τ so that the measured value of p is near 0.5 and we infer R by inverting eq. (6). The value of p s is determined from independent shelving experiments with sufficient averaging such that the uncertainty in R is dominated by the uncertainty in p, which is consistent with expected projection noise.
In fig. 3 , the inferred values of R as a function of detuning for two different powers of the depumping beam are given. In both cases the detuning is relative to a conveniently chosen set point of the frequency driving the AOM, which offsets the optical frequency from the lock point. The solid curves are chi-square fits to a Lorentzian. From fits to the upper data set, the line center relative to the set point and the linewidth are given by −43.7(7.4) kHz and 2π × 2.573(17) MHz, respectively. Corresponding results for the lower data set are −56.3(7.0) kHz and 2π × 2.586(21) MHz. Errors given are the statistical error derived from the fits. From measurements against the comb, the 646-nm laser frequency at the lock point of the transfer cavity drifts ∼ 100 kHz over timescales of a few hours, which is comparable to the timescale of the data collection. As it was not possible at the time to monitor the optical frequency during data collection, reference measurements were taken before and after the collection of each data set. For each data set, we take the mean of the two reference measurements for the optical frequency at the lock point with the error given by half the difference. This gives optical frequencies at the line centers for each data set that agree to within 7 kHz. Taking the average value of the two centers as an estimate for f 0 gives f 0 = 463 723 160 779(30) kHz,
where the error is primarily due to drift of the laser frequency.
There is also good agreement in the fitted linewidths demonstrating that power broadening is not significant as is consistent with the measured depumping rates. However, laser linewidth and Doppler effects cannot be neglected. By virtue of the fact that the laser is locked to a cavity, we expect the laser linewidth to be below 1% of the 3 MHz linewidth of the cavity. Thus broadening due to the laser is, at most, on the order of a few times the statistical uncertainty of the fit. In the limit of unresolved motional sidebands, the line profile in the presence of Doppler broadening is described by a Voigt distribution. When the broadening is much smaller than the transition linewidth, Γ, the Voigt distribution is well approximated to a Lorentzian with a linewidth given by (see appendix B)
where σ is the root-mean-square (rms) Doppler shift. At the Doppler cooling limit of the transition, we estimate an increase in the measured linewidth of ≈ 11 kHz and this increases linearly with temperature. For the multi-level structure involved, we can expect the temperature to be above the Doppler cooling limit and hence Doppler broadening is likely significant compared to the statistical uncertainty. As we are currently unable to accurately determine temperature, we cannot reliably assess this systematic. However, we note that the fitted linewidths are consistent with the theoretical value of 2.61 MHz given in (5 ) and any realistic temperature is unlikely to lead to a significant contradiction of that theory.
3 P 1
Frequency references for 1 S 0 ↔ 3 P 1 transitions are denoted f F , where F denotes the hyperfine level of 3 P 1 . These frequencies are determined by measuring the rate at which | 1 S 0 , 7, ±1 is depopulated by a single 350-nm laser beam as a function of laser frequency. In contrast to the 3 P 0 measurement, we require the use of π-polarization to obtain a simple exponential decay of the | 1 S 0 , 7, ±1 population and a corresponding Lorentzian line-profile for the depumping rate. This is due to Zeeman broadening of the upper state and an asymmetry in the excitation rates out of | 1 S 0 , 7, ±1 for the two circular polarizations which results in a sum of two displaced Lorentzians when using linear polarization orthogonal to the magnetic field direction. The 350-nm depumping beam is also used to repump the atom into 3 D 1 at the start of each experiment. With pure π-polarization, | 1 S 0 , 7, ±7 and | 1 S 0 , 7, 0 are dark states when coupled to F = 6 and 7, respectively. For the measurement of these two transition frequencies, the polarization was rotated by a few degrees to avoid long interruptions of the experiment. For the F = 7 case, excitation rates out of | 1 S 0 , 7, ±1 are approximately 30 times stronger for circular polarizations than for π. This is in contrast to the F = 6 case in which the excitation rates are smaller for circular polarizations than they are for π-polarizations. From simulations, a 3 • rotation of the polarization results in a ∼ 4% increase of the linewidth for the F = 7 case and a < 0.1% increase for the F = 6 case, but in both cases the line profile is still well described by a Lorentzian.
The experimental sequence consists of conditional preparation to | 1 S 0 , 7, ±1 , depumping with the 350-nm laser for a time τ , shelving | 1 S 0 , 7, ±1 back to | 3 D 1 , 7, 0 with the 848-nm laser, and then detection with the 646-nm laser. The probability that the ion is subsequently detected bright is given by
where p s is the shelving efficiency and p ∞ accounts for decays from 3 P 1 to 3 D 1 during depumping. As in sec. 3.3, p is determined from 200 cycles of the experiment and this is repeated 50 times to determine the statistical variation, p s and p ∞ are determined by independent experiments, and R is found by inverting eq. (9). In fig. 4 , the inferred values of R are plotted as a function of detuning for excitation to each of the upper F levels from both m F = ±1 ground states. For each value of F , the detunings are given relative to a conveniently chosen reference point. The solid curves are from a chi-square fit to Lorentzian profiles. The fit constrained the linewidths of the F = 6 and 8 profiles to be equal with an independent linewidth for the F = 7 profiles for the reason mentioned above. Separations of m = ±1 line profiles were constrained by a single parameter proportional to g J µ B B/h which neglects the small dependence of the Zeeman shifts on g I . From the fit we have g J µ B B/h = 4.291(88) MHz which is consistent with the magnetic field determined from the ground state splitting. The fitted linewidth for the F = 6 and 8 profiles is 2π × 4.560(33) MHz compared to 2π × 4.854(52) MHz for F = 7. The difference is reasonably consistent with the expected influence of imperfect polarization. The midpoints of the line-centers for the m F = ±1 profiles can be taken as an estimate of the zero field line center and corresponding optical frequencies, f F , determined by referencing to the comb are 
The transfer cavity used to stabilize the 701-nm laser operates at atmosphere and hence the resonant frequency is subject to significant shifts throughout the day (∼ 5 MHz). For this reason the 701-nm laser was monitored by the comb throughout the data collection, and corrections to the cavity offset made every second to maintain a given set point. This eliminates systematic shifts associated with laser drifts and the errors given in eqs. (10) are the statistical uncertainties from the fit. As for the 3 P 0 measurements, laser linewidth and Doppler broadening are likely to be significant compared to the statistical uncertainty in the fitted linewidths. Comb measurements throughout the data collection have an rms deviation of ∼ 30 kHz from the set point frequency which translates to ∼ 60 kHz at the doubled frequency. These deviations are normally distributed and thus, from eq. (8), are unlikely to significantly influence the line profile. For the Doppler cooling limit of the 3 D 1 ↔ 3 P 0 transition, we estimate an increase in the measured linewidth of ≈ 21 kHz. As for the 3 P 0 measurements, we are unable to fully characterize this systematic. However the fitted linewidth of 4.560(33) MHz is comparable to the theoretical value of 4.46 MHz given in (5 ). As in the 3 P 0 case, any realistic temperature or laser linewidth is unlikely to lead to a significant contradiction of the theory.
References for the 622-nm laser can be determined by combining measurements of 3 P 1 together with those for 3 D 2 . Similarly, references for a 598-nm laser, which can be used to optically pump out of 3 D 1 , can be determined by combining measurements of 3 P 1 together with those for 3 D 1 . A complete frequency diagram is given in fig. 5 .
Summary
We have performed high resolution optical spectroscopy on four low-lying excited states of 176 Lu + . These measurements include the first observations of the 1 S 0 ↔ 3 D 1 and 1 S 0 ↔ 3 D 2 clock transitions for this isotope. Our measurements provide optical references for the 350-nm, 598-nm and 622-nm transitions, used for optically pumping out of 1 S 0 , 3 D 1 and 3 D 2 , respectively. Spectroscopy of the 3 D 1 ↔ 3 P 0 transition also provides a frequency reference for cooling and detection. The frequency references obtained are the most relevant for clock operation with 176 Lu + . References for the 804-nm clock transition may provide access to higher order nuclear moments depending on the accuracy at which correction terms can be calculated. All frequency references are summarized in fig. 5 
8 /h = 130.5 (2.9) Hz, (A4d) and ∆E
9 /h = 130.9 (2.9) Hz.
Since the uncertainties are much less than the uncertainties in the optical frequency measurements, they are neglected from eqs. (3).
Appendix B. Voigt Profile -σ γ
When motional frequencies are much smaller than the linewidth of the transition, the line profile in the presence of Doppler broadening is determined by the Voigt profile. The Voigt function is the convolution of a Lorentzian, with a half-width-half-maximum (HWHM) γ, and a Gaussian, with standard deviation σ. In the limit that σ γ, the line shape is well approximated by a Lorentzian with HWHM γ . To find γ we calculate the least squares fit of the Voigt function V (x, γ, σ) to a Lorentzian by minimizing the integral where we have additionally allowed for an adjustment of the amplitude and conveniently scaled by γ with an overbar indicating the associated scaled value. We can expand the integrand to second order inσ and minimize the resulting function to find A andγ . For this, it is useful to note that V (x, 1,σ) ≈ 1 π(1 +x 2 ) + (3x 2 − 1)σ 2 π(1 +x 2 ) 3 .
The solutions for A andγ can then be expanded to second order inσ giving
In terms of the FWHM, we have Figure 5 . 176 Lu + transition frequencies and hyperfine structures measured in this work.
